Abstract-Functional electrical stimulation (FES) can be used to activate the dysfunctional lower limb muscles of individuals with neurological disorders to produce cycling as a means of rehabilitation. However, previous literature suggests that poor muscle control and nonphysiological muscle fiber recruitment during FES-cycling causes lower efficiency and power output at the cycle crank than able-bodied cycling, thus motivating the investigation of improved control methods for FES-cycling. In this paper, a stimulation pattern is designed based on the kinematic effectiveness of the rider's hip and knee joints to produce a forward torque about the cycle crank. A robust controller is designed for the uncertain, nonlinear cycle-rider system with autonomous, state-dependent switching. Provided sufficient conditions are satisfied, the switched controller yields ultimately bounded tracking of a desired cadence. Experimental results on four able-bodied subjects demonstrate cadence tracking errors of 0.05 1.59 and 5.27 2.14 revolutions per minute during volitional and FES-induced cycling, respectively. To establish feasibility of FES-assisted cycling in subjects with Parkinson's disease, experimental results with one subject demonstrate tracking errors of 0.43 4.06 and 0.17 3.11 revolutions per minute during volitional and FES-induced cycling, respectively. Index Terms-Functional electrical stimulation (FES), Lyapunov methods, medical control systems, switched control.
I. INTRODUCTION
F UNCTIONAL electrical stimulation (FES) is the application of electrical current across muscle fibers to artificially induce a muscle contraction and achieve a functional outcome (e.g., limb motion). Since the 1980s, FES has been applied to the lower limb muscles of people with upper motor neuron lesions (e.g., following spinal cord injury or stroke) to enable them to pedal a stationary cycle [1] , and numerous physiological and psychological benefits have since been demonstrated. Specifically, physiological benefits of FES-cycling such as improved cardiovascular health, increased muscle mass and bone mineral density, decreased spasticity, and improved lower limb function, as well as psychological benefits such as improved self-image, independence, and socialization, have been reported for individuals with spinal cord injury, stroke, cerebral palsy, and multiple sclerosis [2] . To supplement these benefits with enhanced locomotion, mobile FES-cycling devices have been developed [3] - [9] and even commercialized. 1 Various FES-cycling studies have examined open-loop or proportional-derivative feedback control of the stimulation intensity to achieve a desired cycling cadence [3] - [5] , [7] , [10] - [12] . Motivated to improve FES-cycling performance, researchers have investigated linear model identification and pole placement methods [8] , [13] , [14] , fuzzy logic control [15] , [16] , neural network feedforward in addition to proportional-derivative feedback control [17] , [18] , and higher order sliding mode combined with fuzzy logic control [19] . All of these previous FES-cycling control studies had cadence tracking as a primary control objective, as cadence is one of the most important factors in cycling interventions for rehabilitation [20] . In addition, all of these previous studies used a switched control input that alternated stimulation across different muscle groups according to a predefined stimulation pattern. The stimulation pattern defines the segments of the crank cycle over which each muscle group is stimulated to achieve the desired cycling motion and is: manually determined [1] , [3] , [7] , [8] , [11] , [21] , determined from offline numerical optimization [10] , [17] , [22] - [24] , analytically determined [15] , or based on able-bodied electromyography (EMG) measurements [4] , [5] , [12] , [25] .
Switching the stimulation control input between multiple muscle groups according to the cycle crank angle makes the overall FES-cycling system a switched control system with autonomous, state-dependent switching [26, Sec. 1.1.3] . In general, during FES-cycling, there exist periods during which one or more muscle groups are active followed by periods during which no muscle groups are active. When muscle groups are actively controlled by stimulation, the system may track the desired trajectory, but when no muscle groups are active, the system becomes uncontrolled. This behavior is complicated by the fact that the dynamics of FES-cycling are nonlinear, time-varying, and uncertain, so that the system's state trajectories (e.g., cadence) are unknown a priori. None of the aforementioned studies have explored FES-cycling control while considering these properties of the FES-cycling system. Investigating FES-cycling in the light of switched systems theory may yield control strategies that improve FES-cycling performance, thereby increasing the safety and effectiveness of FES-cycling.
In this paper, a nonlinear model of a stationary FES-cycling system is developed that includes parametric uncertainty and an unknown, bounded, time-varying disturbance, similar to the earlier work in [27] but further developed to consider the effects of switching across multiple muscle groups. Extending the preliminary work in [28] , a stimulation pattern for the gluteal, quadriceps femoris, and hamstrings muscle groups is designed based on the kinematic effectiveness of the rider's hip and knee joints to produce a forward torque about the cycle crank. A switched sliding mode control input is developed based on this stimulation pattern with the objective that the rider pedal at a desired cadence. A common Lyapunov-like function is used to prove that the cadence tracking error is bounded by an exponentially decaying envelope in regions where muscle groups are activated and by an exponentially increasing envelope in regions where no muscle groups are activated. The overall error system is shown to be ultimately bounded provided sufficient conditions on the control gains, desired trajectory, and stimulation pattern are satisfied. Experimental results on able-bodied subjects demonstrate the switched controller's performance under typical FES-cycling conditions.
Although FES-cycling is typically utilized for individuals with spinal cord injuries, its benefits have been demonstrated for individuals with cerebral palsy, multiple sclerosis, and stroke [2] , and FES-cycling may also benefit other populations with movement disorders. For example, Parkinson's disease (PD) is a neurodegenerative disorder that causes both motor (e.g., decline in muscle force production, rigidity, postural instability, and tremor) and nonmotor (e.g., fatigue, anxiety, and depression) symptoms. Bradykinesia (slowness of movement) and muscle weakness are common in persons with PD and can be derived from the reduction in the excitatory drive to the motor cortex and ultimately the muscles. Exercise, especially in the form of assisted (i.e., forced) cycling, is an effective treatment for the motor symptoms of PD [29] , [30] . It has been demonstrated that assisted cycling, where the rider pedals with external assistance at a rate greater than the preferred voluntary rate, yields greater improvements in motor and central nervous system function in people with PD when compared to voluntary cycling. Further, it has been suggested that the mechanism for these improvements may be the increased quantity and quality of intrinsic feedback during assisted cycling [29] . It has also been demonstrated that cueing training improves motor performance in people with PD [30] . Therefore, FES-assisted cycling, where FES is applied in addition to the rider's effort to voluntarily pedal at a prescribed cadence, has the potential to improve motor performance in people with PD, as the added FES can enhance muscle force production and provide cueing via the sensation of the stimulation during cycling. Since previous studies have not investigated the use of FES-assisted , and denote the trunk, hip, knee, and crank joint angles, respectively, relative to the horizontal. The lengths , and denote the horizontal and vertical seat position, the thigh length, the lumped shank length, and the cycle crank length, respectively. cycling in people with PD, this paper provides the results of an experiment conducted with one subject with PD to establish feasibility of FES-assisted cycling in this population, and it is demonstrated that FES-assisted cycling has the potential to improve the cycling performance of people with PD.
II. MODEL

A. Stationary Cycle and Rider Dynamic Model
A two-legged rider pedaling a recumbent stationary cycle can be modeled as a single degree-of-freedom system [31] , which can be expressed as (1) where denotes the crank angle as defined in Fig. 1 ; denote the effects of inertia, centripetal and Coriolis, and gravitational effects, respectively, of the combined rider and cycle about the crank axis; and denotes the net external torque applied about the crank axis. The recumbent stationary cycle is modeled as having three links (one link is fixed to the ground) representing the cycle frame and seat and three revolute joints representing the cycle crank and the two pedals. The other two rigid links represent the pedal crank arms, which rotate about the crank joint with a constant phase difference of radians and terminate with a revolute joint representing a pedal. Each of the rider's legs is modeled as a two-link, serial kinematic chain with a revolute joint fixed to the cycle seat (hip joint) and another revolute joint joining the links (knee joint). The ankle joint is assumed to be fixed in the anatomically neutral position in accordance with common clinical cycling practices for safety and stability [32] . The rider's feet are fixed to the cycle pedals, constraining the rider's legs to rotation in the sagittal plane and closing the kinematic chain. The resulting system, depicted in Fig. 1 , is reduced to a single degree-of-freedom and therefore can be completely described by the crank angle (or any other single joint angle measured with respect to ground) and the rider's and cycle's link lengths. In Fig. 1 , denotes the rider's trunk angle with respect to ground, and denote the measurable hip and knee angles, respectively, which are geometric functions of the measurable constant horizontal and vertical distance between the hip and crank joint axes, , and the measurable constant thigh, shank, and crank arm lengths, , respectively.
In this development, the external torque applied about the crank axis is expressed as (2) where denote the torques applied about the crank axis by active muscle forces, passive viscoelastic tissue forces, viscous crank joint damping, and disturbances (e.g., spasticity or changes in load), respectively. The viscous crank joint damping term is modeled as , where is the unknown, constant damping coefficient that has a known, constant upper bound . Assumption 1: The biarticular effects of the rectus femoris and hamstring muscles are negligible.
The active torque resulting from stimulation of the gluteal (glute), quadriceps femoris (quad), and hamstrings (ham) muscle groups can be expressed as (3) where denotes the subsequently designed stimulation intensity input to each muscle group, denotes the relationship between stimulation intensity and a muscle's resultant torque about the joint it spans, and denotes the Jacobian elements relating a muscle's resultant joint torque to torque about the crank axis. The superscript indicates either the right ( ) or left ( ) leg, and the subscript indicates muscle group. The uncertain functions relate muscle stimulation intensity and the resulting torque about the joint that the muscle crosses and are modeled as [27] where denotes the uncertain moment arm of the muscle force about the joint, denotes the uncertain nonlinear function relating stimulation intensity to muscle fiber force, and denotes the uncertain pennation angle of the muscle fibers.
1) Property 1:
The moment arms of the muscle groups about their respective joints depend on the joint angles and are nonzero, continuously differentiable, and bounded with bounded first time derivatives [33] .
2) Property 2: The functions relating stimulation voltage to muscle fiber force are functions of the force-length and force-velocity relationships of the muscle being stimulated and are lower and upper bounded by known positive constants , respectively, provided the muscle is not fully stretched [34] or contracting concentrically at its maximum shortening velocity.
3) Property 3: The muscle fiber pennation angles (i.e., ) [35] .
4) Property 4:
Based on Properties 1-3, the functions relating voltage applied to the muscle groups and the resulting torques about the joints are nonzero and bounded. In other words, , where are known positive constants. The Jacobian elements are based on the joint torque transfer ratios [23] , which are defined as
The subscript indicates hip ( ) and knee ( ) joints. From Assumption 1, the torque transfer ratios for the muscle groups, , can then be determined, according to the joint that each muscle spans, as
The passive viscoelastic effects of the tissues surrounding the hip and knee joints, denoted by in (2), can be defined as where denotes resultant torques about the rider's joints from viscoelastic tissue forces, modeled as [36] , [37] for , where , , are unknown constant coefficients, and denotes the relative hip and knee joint angles, defined as
The equation of motion for the total cycle-rider system with electrical stimulation is obtained by substituting (2) and (3) into (1) as (4) The model in (4) has the following properties.
5) Property 5:
, where are known constants. Property 6:
, where is a known constant. Property 7:
, where is a known constant. Property 8:
, where is a known constant. Property 9:
, where is a known constant. Property 10: , where are known constants.
Property 11:
.
B. Switched System Model 1) Stimulation Pattern Development:
The muscle torque transfer ratios indicate how each muscle group should be activated to induce forward pedaling. Multiplying the joint torque yielded by a muscle contraction with transforms that torque to a resultant torque about the crank. Therefore, if only forward pedaling is desired, then each muscle group should only be activated when it yields a clockwise (with respect to Fig. 1 ) torque about the crank. In other words, stimulation should only activate the quadriceps when is negative, the hamstrings when is positive, and the gluteal muscles when is positive. However, this stimulation pattern would require stimulation of the muscle groups for vanishingly small values of (i.e., near the so-called dead points of the crank cycle) and may therefore activate the muscles inefficiently, in the sense that large values of stimulation and metabolic power output would result in little power output at the cycle crank. Therefore, to increase FES-cycling efficiency, motivation exists to only stimulate a muscle group when its torque transfer ratio is sufficiently large. Indeed, evidence in [23] suggests that the stimulation interval for each muscle group should be minimized to optimize metabolic efficiency. With these constraints, the stimulation intervals for each muscle group can be defined as (5) (6) (7) where are selectable constants. Selection of indicates a user-defined minimum torque transfer ratio required before a muscle group may be activated, so that is inversely related to the length of a muscle group's stimulation interval. To ensure that for each , it is required that , , and
. Denote the set as the controlled region, i.e., the portion of the crank cycle over which muscles are stimulated, and the set as the uncontrolled region, i.e., the portion of the crank cycle over which no muscles are stimulated. Depending on the kinematic parameters of the cycle and rider, along with the selection of may be empty, but the present development considers the general case where is not empty.
2) Switched Control Input:
To stimulate the rider's muscle groups according to the stimulation pattern defined by (5)-(7), the stimulation input to each muscle must be switched on and off at appropriate points along the crank cycle. Based on this stimulation pattern, piecewise constant switching signals for each muscle group can be defined as if if (8) Then, the stimulation intensity input to each muscle group can be defined as (9) where is the subsequently designed control input, and are control gains that can be tuned to compensate for the relative strength and effectiveness of each muscle group. Substituting (8) and (9) into (4) yields the following switched system:
where is the discontinuous control effectiveness term, defined as (11) Fig. 2 . Example stimulation pattern depicting intervals of the crank cycle over which the quadriceps femoris (quad), hamstrings (ham), and gluteal (glute) muscle groups of one leg are stimulated. The crank positions and denote the points at which the crank exits or enters, respectively, the uncontrolled region .
Property 4 and (5)- (8) can be used to demonstrate that is zero if and only if the crank is in the uncontrolled region (i.e.,
). In the controlled regions, can be bounded as (12) where are known constants.
3) Switching States and Times:
Assuming that the initial crank angle is an element of , the known sequence of switching states, which are precisely the limit points of , is defined as , where the superscripts and indicate that the sum of signals is switching from zero to nonzero or nonzero to zero, respectively. The corresponding sequence of unknown switching times is defined such that each on-time and off-time denotes the instant when reaches the corresponding on-angle and off-angle , respectively. Fig. 2 exemplifies the stimulation pattern and the associated switching states.
III. CONTROL DEVELOPMENT
Based on the model in (1), a robust controller is subsequently developed to ensure cadence tracking. The controller does not depend explicitly on the model, as the model is uncertain, but the structure of the model motivates the control design. Only the torque transfer ratios , which depend on the measurable rider's limb lengths and seat position, must be known to determine which muscle group should be stimulated throughout the crank cycle. Known bounds on the other model parameters enable the robust controller to guarantee tracking despite model uncertainty.
The control objective is to track a desired crank cadence with performance quantified by the tracking error signal , defined as (13) where denotes the desired crank position, designed so that its derivatives exist and . Without loss of generality, is designed to monotonically increase, i.e., backpedaling is not desired.
Taking the time derivative of (13), multiplying by , and using (10) and (13) yields the open-loop error system if if (14) where the auxiliary term is defined as
Based on (15) and Properties 5-10, can be bounded as (16) where are known constants. Based on (14) and the subsequent stability analysis, the control input is designed as (17) where denotes the signum function, and are constant control gains. After substituting (17) into the openloop error system in (14) , the following switched closed-loop error system is obtained:
IV. STABILITY ANALYSIS Let be a positive definite, continuously differentiable, common Lyapunov-like function defined as (19) The common Lyapunov-like function is radially unbounded and satisfies the following inequalities: (20) Theorem 1: For , the closed-loop error system in (18) is exponentially stable in the sense that (21) for all and for all , where is defined as (22) provided the following sufficient gain conditions are satisfied: (23) Proof: It can be demonstrated that the time derivative of (19) exists almost everywhere (a.e.), i.e., for almost all , and, after substituting (18), can be upper bounded using (12) and (16) as (24) From (12), it can be demonstrated that the inequality in (24) holds for all subsets of the controlled region , so it can be concluded that is a common Lyapunov-like function in the controlled region. Provided the conditions on the control gains in (23) are satisfied, (20) can be used to upper bound (24) as (25) where was defined in (22) . The inequality in (25) can be solved to yield (26) for all and for all . Rewriting (26) using (20) and performing some algebraic manipulation yields (21) .
Remark 1: Theorem 1 guarantees that the desired cadence can be tracked with exponential convergence, provided that the crank angle does not exit the controlled region. Thus, if the stimulation pattern and desired cadence are designed such that the crank is not required to exit the controlled region, the controller in (17) may yield exponential tracking for all time. If the desired cadence is designed such that the crank must exit the controlled region, the system may become uncontrolled and the following theorem details the resulting error system behavior.
Theorem 2: For , the closed-loop error system in (18) can be bounded as (27) for all and for all . Proof: In the uncontrolled region, the time derivative of (19) can be expressed using (18) and Property 5 as which can be upper bounded using (16) and (20) as (28) The solution to (28) over the interval yields the following upper bound on in the uncontrolled region:
for all and for all . Rewriting (29) using (20) and performing some algebraic manipulation yields (27) .
Remark 2: The exponential bound in (27) indicates that in the uncontrolled regions, the error norm is bounded by an exponentially increasing envelope. Since the error norm decays at an exponential rate in the controlled regions, as described by (21) , sufficient conditions for stability of the overall system can be developed based on the exponential time constants and and the time that the crank dwells in each region (dwell times) and . However, a challenge is that the dwell time and reverse dwell time (nomenclature derived from [38] ) depend on the switching times, which are unknown a priori. The following assumption introduces bounds on the uncertain dwell times. Assumption 2: The dwell times and have known, constant bounds for all such that This assumption is reasonable in the sense that the dwell time in the controlled and uncontrolled regions will have lower and upper bounds, respectively, provided the cadence remains within predefined limits, and during FES-cycling it is common to impose such limits for safety reasons.
Remark 3: With known bounds on the time between switches and known rates of convergence and divergence of the tracking error, a known ultimate bound on the tracking error can be calculated. Theorem 3 gives the value of this ultimate bound along with a sufficient condition for convergence of the tracking error to that bound.
Theorem 3: The closed-loop error system in (18) is ultimately bounded in the sense that converges to a ball with constant radius as the number of crank cycles approaches infinity (i.e., as ), where is defined as (30) and are defined as provided the following condition is satisfied:
Proof: Using (26) and (29) sequentially and assuming the worst case scenario for each cycle where and , an upper bound for after cycles can be developed as (32) where . The sequence is positive, monotonic, and bounded, provided (31) is satisfied (i.e., ); therefore, the limit of exists and can be expressed as where is a known constant defined as
Therefore, is ultimately bounded by in the sense that as . Monotonicity of the bounds in (26) and (29) can be used to demonstrate that is ultimately bounded by . Using (20) , it can then be demonstrated that as converges to a ball with constant radius , where was defined in (30) , in the sense that for some time .
V. EXPERIMENTS FES-cycling experiments were conducted with the primary objective of evaluating the performance of the switched controller given in (17) and distributed to the gluteal, quadriceps femoris, and hamstrings muscle groups according to (9) . The experiments were divided into Protocols A and B. The objective of both protocols was to demonstrate the controller's cadence tracking performance in the presence of parametric uncertainty and unmodeled disturbances. The FES-cycling trials were stopped if the control input saturated, the subject reported significant discomfort, the cadence fell below 0 RPM, the trial runtime expired, or the cadence exceeded 60 rpm. The experiments could also be ended at any time by the subjects via an emergency stop switch.
A. Subjects
Four able-bodied male subjects 25-27 years old were recruited from the student population at the University of Florida, and one male subject with PD, 60 years old, with a modified Hoehn and Yahr disability score of 2.5 [39] , was recruited from the University of Florida Center for Movement Disorders and Neurorestoration. Each subject gave written informed consent approved by the University of Florida Institutional Review Board. Able-bodied subjects were recruited to validate the controller design, and the subject with PD was recruited to demonstrate feasibility of the proposed approach in a potential patient population.
The subject with PD in this experiment exhibited mild bilateral motor impairment with evident tremor. It was observed during preliminary testing that the subject's right side was more affected (i.e., greater tremor) and exhibited bradykinesia during cycling (i.e., when the right leg was supposed to pedal, cadence decreased significantly). In addition, preliminary testing revealed that subject could not tolerate the level of stimulation intensity necessary for FES-induced cycling (i.e., FES-cycling without volitional effort from the rider). It was hypothesized that FES-assisted cycling (i.e., FES-cycling with volitional effort from the rider) would be a more appropriate protocol for subjects with PD. It was further hypothesized that FES-assistance would provide sensory cues and muscle activation assistance during cycling and thereby decrease variability in the subject's cadence.
B. FES-Cycling Test Bed
A commercially available, stationary, recumbent exercise cycle (AudioRider R400, NordicTrack) was modified for the purposes of the FES-cycling experiments. The cycle originally had a flywheel which was driven by a freewheel. The freewheel was then replaced with a fixed gear so that the crankshaft was directly coupled to the flywheel, allowing the flywheel to contribute its momentum to the cycle-rider momentum and improving the system energetics [40] . The cycle has an adjustable seat and a magnetic hysteresis brake on the flywheel with 16 incremental levels of resistance (resistance was set to Level 1 unless otherwise noted). Custom pedals were constructed that allowed high-top orthotic boots (Rebound Air Walker, Össur) to be affixed to them; these orthotic pedals served to fix the rider's feet to the pedals, prevent dorsiflexion and plantarflexion of the ankles, and maintain sagittal alignment of the lower legs. An optical, incremental encoder (HS35F, BEI Sensors, resolution 0.018 ) was added to the cycle and coupled to the crank shaft to measure the cycling cadence. The cycle was equipped with a Hall effect sensor and magnet on the crank that provided an absolute position reference once per cycle.
A current-controlled stimulator (RehaStim, Hasomed) delivered biphasic, symmetric, rectangular pulses to the subject's muscle groups via bipolar, self-adhesive electrodes (PALS 3 5). 2 A personal computer equipped with data acquisition hardware and software was used to read the encoder signal, calculate the control input, and command the stimulator. Stimulation frequency was fixed at 60 Hz to leverage the results found in [41] . Stimulation intensity was controlled by fixing the pulse amplitude for each muscle group and controlling the pulsewidth according to (17) . Pulse amplitude was determined for each subject's muscle groups in preliminary testing and ranged from 50-110 mA.
C. Experimental Setup
Electrodes were placed over the subjects' gluteal, quadriceps femoris, and hamstrings muscle groups, according to Axelgaard's electrode placement manual, 3 while subjects were standing upright. Subjects were then seated on the stationary cycle, and their feet were inserted securely into the orthotic pedals. The cycle seat position was adjusted for each subject's comfort while ensuring that hyperextension of the knees could not be achieved while cycling. The subject's hip position relative to the cycle crank axis was measured along with the distances between the subjects' greater trochanters and lateral femoral condyles ( ) and between the subjects' lateral femoral condyles and the pedal axes of rotation ( ). These distances were used to calculate the torque transfer ratios for the subjects' muscle groups and to thereby determine the stimulation pattern.
The desired crank velocity was defined in radians per second as (34) where was a selectable constant used to control the acceleration of the desired trajectory and seconds. The trajectory in (34) ensured that the desired velocity started at zero revolutions per minute (RPM) and smoothly approached 50 rpm. The control gains, introduced in (9) and (17) , were tuned to yield acceptable tracking performance for each subject in preliminary testing and ranged as follows: , , , .
D. Protocol A
Protocol A was completed by all able-bodied subjects and consisted of a voluntary cycling phase followed by five minutes of rest and a subsequent FES-cycling phase. During the voluntary cycling phase, subjects were shown a computer screen with a real-time plot of their actual cadence, as measured by the encoder, versus the desired cadence given in (34) , and each subject was asked to voluntarily pedal so that the two plots coincided with one another (i.e., minimize the tracking error ). After 175 seconds had elapsed, the flywheel resistance was increased from Level 1 directly to Level 9 for a period of 30 seconds, after which the resistance was decreased back to Level 1 for the remainder of the cycling phase. The voluntary cycling phase lasted five minutes.
Following five minutes of rest, the FES-cycling phase was initiated, wherein cycling was only controlled by stimulation of the gluteal, quadriceps femoris, and hamstrings muscle groups (i.e., a completely passive rider). The stimulation pattern (i.e., the range of crank angles over which each muscle was stimulated) for Protocol A was defined by selecting , , , which was found to yield satisfactory performance in preliminary testing. While the same values of were used for all subjects, the stimulation pattern resulting from the choice of each was slightly different for each subject because each subject had different leg lengths and preferred seating positions. The subjects' limbs were then positioned manually so that the initial crank position was in the controlled region, and then the controller was activated. The subjects were instructed to relax as much as possible throughout this phase and to make no effort to voluntarily control the cycling motion; additionally, the subjects were not given any indication of the control performance (i.e., subjects could no longer see the actual or desired trajectory). As in the voluntary cycling phase, the flywheel resistance was increased from Level 1 to Level 9 for seconds to demonstrate the controller's robustness to an unknown, bounded, time-varying disturbance. The FES-cycling phase lasted five minutes.
E. Protocol B
Protocol B was completed by the subject with PD and was the same as Protocol A, with the exception that the subject was allowed to voluntarily pedal during the FES-cycling phase (i.e., FES-assisted cycling) and could see the actual and desired cadence. While Protocol A was intended to demonstrate the controller's performance with a completely passive rider, as would be the case with a subject with motor complete spinal cord injury, Protocol B demonstrates feasibility of the developed controller for a broader patient population with intact, albeit diminished, motor control, such as those with incomplete spinal cord injury, hemiparetic stroke, traumatic brain injury, and PD. From an analytical perspective, voluntary assistance from the rider can be viewed as an unmodeled disturbance and so can be lumped into in (10) . Although disturbances are generally neither assistive nor resistive, voluntary effort from the rider during FES-cycling is generally assistive and is therefore expected to decrease the control input needed to track the desired cadence. Fig. 3 depicts one able-bodied subject's tracking performance, quantified by the cadence tracking error , and the stimulation intensity (pulsewidth) input to each muscle group during the FES-cycling phase of Protocol A, and Fig. 4 provides an enhanced view of the control input over a single crank cycle to illustrate the controller switching Fig. 3 . One subject's cadence tracking error (top) and control input to each muscle group (bottom) during the FES-cycling trial of Protocol A. The subject was instructed to relax completely while the quadriceps femoris, hamstrings, and gluteal muscle groups were stimulated to achieve cycling at the desired cadence. Shaded regions mark the period during which the ergometer's resistance was increased to Level 9. and distribution of the control input across the muscle groups. Table I compares the subjects' volitional and FES-induced tracking performance, quantified by the mean and standard deviation of the cadence tracking error in RPM, over the total trial ( seconds) and during several phases of each trial: the transient phase ( seconds), the steady state phase ( seconds), the added disturbance phase ( seconds), and the final phase ( seconds). Fig. 5 compares another subject's cadence tracking error in the voluntary and FES-induced cycling phases. All trials went to completion.
F. Results
1) Protocol A Results:
2) Protocol B Results: Fig. 6 depicts the tracking performance of the subject with PD, quantified by the cadence tracking error , and the stimulation intensity (pulsewidth) input to each muscle group during the FES-assisted phase of Protocol B. An enhanced view of the control input over a single crank cycle is provided in Fig. 7 to illustrate the controller switching and distribution of the control input across the muscle groups. Table II summarizes the volitional and FES-assisted cadence tracking performance of the subject with PD using the same metrics as described in Section V-F1. Fig. 8 compares the subject's cadence tracking error in the voluntary and FES-assisted cycling phases. All trials went to completion. During voluntary cycling, the subject was shown a plot of the desired and actual cadence on a monitor and was asked to pedal so that the difference was minimized, and no stimulation was applied. During FES-cycling, the subject was instructed to relax and had no indication of tracking performance while FES was applied to the lower limb muscles to induce cycling. Shaded regions mark the period during which the ergometer's resistance was increased to Level 9. 
G. Discussion
The results of Protocol A successfully demonstrate the ability of the controller in (17) , distributed across the muscle groups according to (9) , to achieve ultimately bounded tracking of the desired cadence despite parametric uncertainty (e.g., uncertain rider limb mass) and unknown disturbances. Ultimately bounded tracking was achieved even across a range of stimulation patterns. Although the ultimate bound on the tracking error to each muscle group (bottom) during the FES-assisted phase of Protocol B. The subject with PD was shown a plot of the desired and actual cadence on a monitor and was asked to pedal so that the difference was minimized, and FES was applied to the quadriceps femoris, hamstrings, and gluteal muscle groups to assist the subject in tracking the desired cadence. Shaded regions mark the period during which the ergometer's resistance was increased to Level 9. Fig. 7 . Control input over a single crank cycle illustrating the switching of the controller in (17) between muscle groups according to (9) during the FES-assisted cycling trial of Protocol B. Through tuning of the control gains, the stimulation was biased towards the subject's right limb, which exhibited slowness of movement caused by PD. Fig. 8 . Cadence tracking error of the subject with PD during the voluntary (left) and FES-assisted (right) phases of Protocol B. During voluntary cycling, the subject was shown a plot of the desired and actual cadence on a monitor and was asked to pedal so that the difference was minimized, and no stimulation was applied. During FES-assisted cycling, the subject pedaled volitionally in the same manner as the previous trial, but stimulation was applied to assist in tracking the desired cadence. Shaded regions mark the period during which the ergometer's resistance was increased to Level 9. was higher for FES-cycling than volitional cycling by all subjects in Protocol A, this was likely due to the steady state offset in the tracking error and not due to large variations in cycling cadence, as quantified in Table I . The cadence tracking error During volitional cycling, riders can learn how to modulate the force output of the muscles involved in cycling to improve tracking performance over time. Therefore, to achieve cadence tracking performance during FES-cycling that is similar to that observed during volitional cycling, motivation arises to use adaptive control methods during the controlled regions. However, this is challenging because adaptive control methods usually only achieve asymptotic convergence of the tracking error, but stability of a switched system with stable and unstable subsystems can only be guaranteed if the convergence and divergence rates are known (as is the case with exponential convergence, for example).
The results of Protocol B demonstrate the controller's tracking performance despite the presence of an additional unknown disturbance (manifested as volitional effort from the subject with PD). The data given in Table II indicate that the addition of FES-assistance to the subject's volitional effort improved cadence tracking performance measurably (60.5% and 23.4% improvement in mean and standard deviation of the cadence tracking error across the total trial). The improvement in tracking performance may be due to the bias of the stimulation input towards the subject's affected right leg (as depicted in Fig. 7) , providing both assistance in activating the appropriate muscle groups and a sensory cue to volitionally pedal faster. More data is needed to determine if these results are statistically significant, but the results nonetheless indicate the potential of FES-assistance to improve the ability of a person with PD to pedal at a desired cadence.
VI. CONCLUSION
An uncertain, nonlinear, time-varying model of a human rider pedaling a stationary cycle by means of FES was developed, and a stimulation pattern for the gluteal, quadriceps femoris, and hamstrings muscle groups was developed based on the system's Jacobian elements. The stimulation pattern, defined in (5)- (7), was used to distribute the stimulation control input to the muscle groups, switching the muscle groups on and off according to the crank angle. Therefore, the system was further modeled as a switched control system with autonomous, state-dependent switching with uncertain switching times. A common Lyapunov-like function was used to prove that the developed controller, given in (17), yields ultimately bounded tracking of a desired cadence (i.e., crank velocity), provided the desired cadence, control gains, and stimulation pattern satisfy sufficient conditions. The stability result and the developed sufficient conditions exploited the fact that the applied controller yields exponential stability in the controlled regions. Adaptive and learning-based controllers may yield advantages, but these methods typically yield asymptotic convergence. Therefore, future efforts will explore new analysis methods that allow for asymptotic controllers to be included in the switching design.
Experiments were conducted on four able-bodied subjects, and the results both demonstrate the robustness and stability of the developed switched controller. Experiments were also conducted on one subject with PD, and the results suggest that FES-assisted cycling using the developed switched controller may improve the ability of people with PD to track a desired cadence. While these results show promise, significant additional testing beyond the scope of this paper is needed to determine clinical efficacy. Specifically, different disease and injury populations will potentially respond differently to electrical stimulation, and disease-specific clinical trials will shed light on clinical impact. Within such studies, further opportunity exists to investigate comparisons of the developed Jacobian-based switching method to current rehabilitative devices.
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